Theoretical predictions for Bhabha scattering at the two-loop level require the inclusion of hadronic vacuum polarization in the photon propagator. We present predictions for the contributions from reducible amplitudes which are proportional to the vacuum polarization π(q 2 ) and from irreducible ones where the vacuum polarization appears in a loop representing vertex or box diagrams. The second case can be treated by using dispersion relations with a weight function proportional to the R-ratio as measured in electron-positron annihilation into hadrons and kernels that can be calculated perturbatively. We present simple analytical forms for the kernels and, using two convenient parametrizations for the function R(s), numerical results for the quantities of interest. As a cross check we evaluate the corresponding corrections resulting from light and heavy lepton loops and we find perfect agreement with previous calculations. For the hadronic correction our result are in good agreement with a previous evaluation.
Introduction
Electron-positron colliders, with their potential for precise and specific measurements of cross sections, have been and are being operated from the very low energy region around the pion threshold up to more than 200 GeV and may, in the future, reach up to energies of one or perhaps even several TeV. To determine the luminosity, one necessarily uses a reaction, whose cross section can be well measured and furthermore calculated with sufficient precision. Reactions which involve only leptons in the final state, like electronpositron annihilation into muon pairs or elastic electron-positron (Bhabha-)scattering are ideally suited for this purpose. In particular Bhabha scattering, with its relatively large cross section, has always been the standard luminosity monitor reaction. Precise theory predictions are, therefore, mandatory and, in view of recent interest in precise measurements with high counting rates, must be pushed to two-loop order.
Various ingredients are necessary in this connection. A major step has been made in [1] where the photonic two-loop virtual corrections plus the corresponding soft real radiation has been evaluated for the case of interest m 2 e /s ≪ 1, using earlier results for the completely massless case [2] and exploiting the relation between the soft and collinear singularities for these two limiting cases. These results were confirmed in [3] , where in addition also the contributions from muon loops (again in the limit m 2 µ /s ≪ 1 ) were calculated. These muon-loop contributions, in the same high-energy limit were also evaluated in [4] , the corresponding results for arbitrary mass of the internal lepton were presented in [5] . The electron loop corrections involving the exact m 2 e /s dependence were computed in [6] , while further efforts towards the full electron mass depedence at two-loop level can be found in [7] .
All these contributions can be calculated strictly within Quantum Electrodynamics (we do not consider electroweak corrections that are relevant for high energies). However, in two loop approximation contributions from virtual hadrons come into play. From general considerations it is obvious that, generally speaking, their magnitude is comparable to or larger than those from virtual muons. It is well known [8] that these virtual hadronic contributions can be evaluated through dispersion relations, folding the absorptive part of the hadronic vacuum polarization, the R-ratio measured in electron-positron annihilation, with a kernel that can be calculated perturbatively, in the present case in a one-loop calculation. This approach has been adopted in [9] , where the kernel for the box diagram has been calculated for non-vanishing electron mass and the limit m e → 0 has been considered only subsequently. A more compact form for this kernel can be obtained by using directly the well known results for the (direct plus crossed) box with one photon and one massive vector boson, the Z-γ box, contributing to Bhabha scattering at high energies. Since it is well known that in this case the electron mass can be safely set to zero from the beginning , the calculation becomes significantly simpler. Vertex corrections with a hadronic insertion have been evaluated with this technique long time ago and it is only this box contribution, that was not yet available since long.
As stated above, results for the hadronic contributions have been presented in [9] . In view of the fact, that we are using a somewhat different approach and furthermore, to provide an independent cross check the results of our calculation will be presented in some detail. To allow for an easier comparison with [9] , we shall use the same parametrization [10] for the R-ratio. In addition we shall compare the results to the ones derived from a second parametrization [11] that includes more recent data and these latter ones should be considered as our definite predictions.
The paper will be organized as follows: In chapter 2 we present the general analysis and classify the various reducible and irreducible contributions. In chapter 3 we give the details of the calculation, the explicit forms of the kernels and identify the contributions from real radiation needed to render the results infrared finite. In this connection it is convenient to split the virtual (plus soft real) corrections into different building blocks that will be described in more detail in this chapter. The handling of the dispersion integrals with their poles is described in chapter 4. Of specific interest is the high energy limit, with s, t and u in an region where the R-ratio has approached an approximately constant value. In this limit and in analogy with the treatment on the form factor in [12] a particularly simple form can be derived where the information about hadron physics can be encoded into three "moments" of the R ratio. Using this method and evaluating the moments for a lepton, e.g. the muon or the tau-lepton, the results from [3] are easily recovered. In chapter 5 we present the numerical results for the two parametrizations. We give the results for the building blocks, vacuum polarization, vertex and boxes, and the complete corrections, split into the various contributions and discuss their physical relevance. The final Chapter 6 contains a brief summary and our conclusions.
General analysis
It is well known that contribution from the hadronic vacuum polarization can be directly evaluated by convoluting an appropriately chosen kernel with the familiar R-ratio (R ≡ σ had /σ pt ) measured in electronpositron annihilation [8] . An arbitrary amplitude involving the hadronic vacuum polarization is obtained, by definition, from the original one by replacing the photon propagator as follows:
The renormalized vacuum polarization function Π(q 2 ) is obtained from its absorptive part (essentially the R-ratio) by the subtracted dispersion relation:
and has a cut for q 2 > 4m 2 , with the threshold for hadron production at 4m 2 . The q δ q ǫ term in Eq. (1) does not contribute and the photon propagator is effectively replaced as follows:
If q 2 is fixed by the external kinematics, applying the correction is equivalent to multiplication of the previous amplitude by Π(q 2 ). In higher orders, summing the one-particle reducible terms only, this corresponds to the replacement of the photon propagator by the dressed one:
However, if q stands for a loop momentum, it is convenient to exchange the order of integration and evaluate in a first step the loop integral with a ficticious massive vector boson of mass √ z, and to convolute subsequently this amplitude with the R-ratio, i.e. with α 3π ∞ 4m 2 dz z R(z). In [12] this has been done for the Dirac form factor, assuming massless external fermions, and special emphasis has been put on the investigation of the limit, where the momentum transfer is far larger than 4m 2 . A similar approach will be useful for the present case. We will, in a first step, investigate the generic case valid for arbitrary s, |t|, |u| ≫ m 2 e . The weight functions needed to obtain the three building blocks, namely the vacuum polarization function Π(q 2 ) (Fig. 1a) , the correction to the vertex function V (q 2 ) (Fig. 1b) and the amplitude arising from the box diagrams (Fig. 1c) , can be taken from the literature. The complete hadron induced corrections are conveniently split into thre classes:
1) Tree level diagrams, with two vacuum polarization insertions proportional to Π(s) or Π(t) where Π originates from virtual hadrons, muons or electrons (Fig. 2) .
These corrections to the amplitudes are proportional to Π(s) 2 , Π(t) 2 or Π(s)Π(t) (reducible quadratic Π-terms) and are directly obtained from the Born amplitude. 2) Corrections which involve one-loop purely photonic corrections in combination with a dressed photon propagator in the s or t channel (Fig. 3 ).
These are proportional to Π(s) or Π(t) (reducible linear Π-terms) and are directly obtained from the one-loop corrections to the Bhabha scattering. They can again be separated into amplitudes resulting from one-loop vertex and box corrections, respectively. Both are rendered infrared finite by adding soft real photon emission with E γ < ω << √ s. In both cases this leads to a logarithmic ω-dependence.
The photon vertex correction involves a collinear electron-mass singularity, which leads to the only m e dependence relevant for our investigation.
Also the γγ-box amplitude, after interference with s-or t-channel dressed photon exchange, leads to a logarithmic dependence on ω. The electron mass, however, may safely be set to zero.
3) As a third class we have to consider the irreducible two-loop contributions, i.e. amplitudes with dressed photon propagator in a loop (Fig. 4) . The dressed propagator may be located either in a vertex or in a box, which will interfere with the two Born amplitudes from s-and t-channel exchange. Irreducible vertex corrections are infrared finite and m e may be safely set to zero. They are easily obtained from the Born amplitude by replacing the appropriate vertex by V (s) or V (t) as defined below. The box amplitudes are again infrared divergent and must be made finite by combining with soft real radiation.
Let us emphasize that contributions from lepton loops follow the same classification 1 . The simple form of the result in the high energy limit, s, |t|, |u| ≫ 4m 2 π , will allow for a convenient cross check of our calculation. In addition to these corrections with virtual photons, one has to compute the corresponding emission of real photons (Fig. 5 ) to compensate the infrared divergencies. Figure 5 : Diagrams with real photon emission. The four-momentum of the real soft photon is k = (k0, k) and the integration is performed for | k| < ω. Here and below infrared regularization through a small photon mass λ
Details of the computation
In this section we discuss these contributions in details. In all equations containing products of Feynman diagrams,the sum over the spins of the outgoing particles and the average over the spins of the incoming particles is implicit, as well as the conservation of the external momenta. In these formulas, the coefficient c PS = (64sπ 2 ) −1 comes from the integration of the phase-space of the outgoing electron and positron.
Vacuum polarization insertion
The Born cross section is obtained from the combination of s-and t-channel exchange:
Replacing the photon propagator in the s-and t-channel by the dressed one, one obtains:
Expanding up to order α 2 , one easily recovers the Born contribution and the reducible one-and two-loop corrections:
Using for light leptons (e and µ)
the well known electron/muon induced one-and two-loop reducible contributions are easily recovered. In the present context the two-loop terms involving hadrons arise from terms proportional to Π 2 had and Π had Π lept , with different combinations of real and imaginary parts.
Reducible diagrams
Contributions from one-loop photonic amplitudes, interfering with amplitudes with the dressed photon propagator in the s-or t-channel are infrared divergent and must be combined with real radiation. For the amplitudes involving vertex corrections with have:
The sum of these three contributions from s-channel, t-channel and their interference gives the differential cross section:
where λ is the photon mass used as IR regulator. We have also introduced
Just like for the one-loop corrections, a logarithmic dependence on m e from collinear singularities remains.
It is interesting to notice the presence of an infrared divergent term proportional to Im Π(s) surviving after the inclusion of the real soft photon emission. Remembering that these contributions can be easily obtained from the O(α) calculation it is clear that the O(α) result is easily recovered by the substitution of Π(s) and Π(t) by 1. A similar discussion applies to the photonic box diagrams, interfering with amplitudes with the dressed photon propagator in the s-or t-channel:
The differential cross section is then given by:
where we have introduced
In this case the electron mass can be safely set to zero. Also in this case a logarithm of λ 2 survives and cancels exactly the one generated by the vertex reducible corrections, rendering the total cross section infrared finite.
Irreducible diagrams
Let us move to the third group consisting of the two irreducible contributions. The vertex correction has been discussed in detail in [12] and can be cast into the following form:
with
The contribution to the cross section can be cast into a form closely related to the Born cross section.
As stated above, m e has been set to zero and the result is obviously infrared finite. Finally for the irreducible two-loop box contributions the kernels can again be directly taken from the literature [13] . The part of the kernel, which corresponds to the infrared divergent piece will be canceled by the proper combination of real soft radiation amplitudes which are also proportional to Π(q 2 ), specifically:
In total we find:
where
and
The part proportional to ln(2ω/ √ s) has been displayed separately and, as stated before, is proportional to Π(s) or Π(t). As discussed in the introduction, the functions ξ A and ξ B , corresponding to the box diagram with a massive and a massless vector boson, can be directly read off from the literature [13] .
For the two-loop hadronic contributions to cross section we find (without the trivial vacuum polarization)
Evaluation of the dispersion integrals
In Eq.(30), the total cross section is written in terms of the building blocks Π(q 2 ), V (q 2 ) and B(a, b, c) defined in Eq. (2), Eq. (20) and Eq. (29) respectively. In the hadronic case, given a suitable parametrization of R(s), these dispersion integrals have to be integrated numerically. Therefore, before attempting the evaluation of the cross section, all sources of numerical instability must be cured.
The expression for Π(q 2 ) in Eq.(2) is very simple, but reveals the presence of a pole of the integrand at z = q 2 + iǫ. The simplest way to get rid of it is to add and subtract R(q 2 ) in the integrand for q 2 > 0 (s-channel). After the useful change of variable z = 4m
2 /y, we get:
The integral for V (q 2 ) given in Eq. (20) does not show any pole in the integration domain and is directly accessible to a numerical evaluation. However, its convergence in the high energy integration region can be improved introducing the asymptotic, approximately constant value R(∞) of the R-ratio. To this purpose, let us recall the results from [12] for the vertex V , which can be rewritten in the form:
The first one of these integrals can be solved exactly:
where r = q 2 /(4m 2 − iǫ), and the second integral converges well in the large momentum region. A similar approach can be adopted for integrating the kernel from the box diagram B(a, b, c) defined in Eq.(29). The function ξ A has a good high energy behaviour, but has a pole (for a = s > 0) in z = a + iǫ and can be treated in the same way as Π(q 2 ):
The first integral in the expression for B A (s, b, c) is then given by:
In the last expression we have introducedx = 1 − x, r = s/(4m 2 − iǫ),r = 1 − r. On the other hand, B B can be computed following the same procedure used for V (q 2 ):
where for the first integral we have:
High energy limit
In the high energy limit, i.e. for √ s and √ −t far larger than the energy above which R(s) approaches (sufficiently rapidly) R(∞), the building blocks Π(q 2 ), V (q 2 ) and B(a, b, c) can be expressed in terms of the moments R n defined through:
The large q 2 behaviour of the vacuum polarization is then given by:
and V takes the following form:
Similarly, the building block B(a, b, c), in the high energy limit s, |t|, |u| ≫ 4 m 2 is given by:
In the last equations we have introduced:
The leptonic contribution
With these ingredients the two-loop result induced by massive and light leptons is easily recovered.
All ingredients are obtained from the corresponding expressions for the hadronic case using the R-ratio:
Numerical evaluations for the muon and τ -lepton will be presented below. In the high energy limit we will use the moments [12] :
The integral over z can then be analytically evaluated, giving for the building blocks:
where L b , L c , L b c and J(x, y) were defined in Eq.(44). In the previous formula the iǫ prescription is implicit in the squared lepton mass (m 2 l → m 2 l − iǫ) and gives the rule to extract the proper imaginary part of the logarithms. For electron loops the vertex correction differs by a constant [14] : 
the remaining corrections are identical. In order to obtain the total leptonic corrections, the contributions of the one-and two-loop vacuum polarization function have to be added:
The second term can be obtained from Eq. (2) with the substitution Π → Π l , while last term can be computed taking from the literature the expression for the leptonic contribution to the two-loop vacuum polarization function (Fig. 6) :
where in the high-energy limit
Comparing our analytical result with [3] , we find perfect agreement. Figure 6 : Contributions involving the two-loop vacuum polarization from a lepton l.
Numerical analysis
To arrive at a numerical result we adopt the following parametrizations for R(s): For the comparison with earlier work [9] we take the function provided by H.Burkhardt [10] . This parametrization (denoted by B) is simple and efficient for the integration, however, it includes only data more than 20 years old. A newer parametrization (denoted by HMNT) is based on the most recent and accurate data and will be used for most of our detailed predictions. The two parametrizations for R(s) are shown in Fig. 7 .
The contributions from narrow resonances are incorporated using:
For the parametrization HMNT we take J/Ψ, ψ(2S), Υ(1S), Υ(2S) and Υ(3S) as narrow resonances with the parameters listed in Table 1 , thus replacing their rapidly varying cross section governed by a narrow Breit-Wigner shape with an easy to be integrated delta function. Parametrization B uses slightly different
3.096916 (11) 11020) as narrow resonances and we adopt the parameter values listed in the code [10] . For later use we also give the results for the moments R(∞), R 0 , R 1 and R 2 based on parametrization B: The results for the vacuum polarization Π(q 2 ) and the vertex correction V (q 2 ) for space-like and time-like q 2 are shown in Fig. 8 as functions of q 2 . We display the predictions based on both parametrization B (dashed) and HMNT (solid). For comparison we also show the behaviour in the high energy approximation (dotted) of eq.(40-41), for parametrization B only. As expected from the comparison in Fig. 7 , the difference between the two parametrization leads to differences in Π(q 2 ) and V (q 2 ) of less than 10% which are unimportant for the two-loop analysis (the present uncertainty for HMNT amounts to typically one to two percent). For Π(t) and V (q 2 ) the high energy approximation starts to deviate significantly from the full result for energies below 3 GeV, while for Π(s) the resonant behaviour cannot be reproduced by this approximation. The corresponding results for the functions B(a, b, c) , which govern the behaviour of the irreducible box contribution are shown in Fig. 9 for a set of representative energies as functions of the scattering angle θ. The result for B(s, u, t) is obtained from B(s, t, u) through the substitution cos θ → − cos θ. As expected, the predictions for Π, V and B based on the two paratrizations B and HMNT are always quite close, hence the following discussion will be based on HMNT only.
The corrections for the differential distributions are shown in Fig. 10 for four characteristic energies, normalized relative to the Born prediction 3 . They are separated into those from reducible diagrams (dσ red = dσ In Fig. 11 we display the corresponding contributions from muons (solid line) and τ leptons (dashed line), which can be evaluated similar to the hadronic ones. It is interesting to observe that the high energy approximation (hea) for the muon case, m 2 µ ≪ s, |t|, |u|, (dotted) fails quite badly for small angles at √ s = 1
GeV, a fact that could be anticipated already from Fig. 8 , which shows the pour quality of this approximation for √ −t < 3 GeV in the hadronic case. For high energies, the quality of the approximation should be sufficient for all practical purposes (Fig. 11 ). The relative corrections from hadron and lepton (e, µ, τ ) loops are compared in Fig. 12 . A markedly different energy and angular dependence is observed for the four contributions. Individually and in the sum, they significantly exceed the level of one per mille necessary to achieve the corresponding precision of the luminosity measurements. However, as discussed before, the reducible terms dominate and the irreducible hadronic terms are typically below one per mille. For precise comparisons the numerical results are also listed in Table 2 for a selected set of energies and angles. For small angles the box contribution dσ B remains tiny, often around or below 10 −5 of the Born cross section, and the result is dominated by the reducible correction dσ red which is typically a factor 10 to 100 larger and is trivially obtained from existing one-loop results, Eq. (13)-(18).
To illustrate the relative importance of reducible and irreducible contributions, the results for the irreducible box dσ B and the sum dσ B+red = dσ B + σ red are listed in Table 3 . The relative contribution of dσ B is evidently tiny. The results for dσ B+red are also compared with those from [9] . For the hadronic case they are in good agreement, although sometimes deviating in the last of the digits listed in [9] . For the leptons perfect agreement is observed. In general, the corrections exhibit a fairly smooth energy dependence. However, the situation changes for energies close to narrow resonances. This is exemplified in Fig. 13 o the reducible ones dominate. The vertex corrections are always small. Formally for the case of the J/Ψ, treated as narrow resonance, the correction even diverges, and it is still extremely large if the natural width of J/Ψ is introduced. In practice, however, the cross section has to folded with the energy spread of order MeV. In this case the singular amplitude with its asymmetric behaviour around √ s = M res is damped and thus remains a small correction. From these considerations, it is clear that a precise parametrization of R(s) is required in regions of rapidly varying cross section, if one aims at a precise prediction of the corrections in this region. The implementation of these results in a Monte Carlo generator is straightforward and their modular structure should lead to an efficient program. The reducible contribution dσ red can be obtained from the one-loop corrections simply modifying the photon propagators outside the loop according to:
and adding the terms proportional to ImΠ(s) multiplied by the imaginary part of the one-loop result. The irreducible vertex corrections V (q 2 ) can be directly combined with the Born cross section. All these are one-dimensional functions that can be tabulated once for ever. The irreducible box contribution is decomposedinto terms proportional to Π(s) and Π(t) plus a remainder characterized by the functions B(s, t, u), B(s, u, t), B(t, s, u) and B(t, u, s). These are obtained through efficient and precise integration routines 5 . Using published one-loop results, a compact formula has been derived which, in combination with dispersion relations and the by now well-measured R-ratio, can be used to evaluate the hadronic contributions to Bhabha scattering. The same approach is applicable for leptonic contributions, in particular from muons and τ -leptons. The method and result are valid in the limit m 2 e ≪ s, |t|, |u| for arbitrary R(s) and arbitrary m 2 µ,τ /s. Comparing with [9] , our numerical results are in perfect agreement for massive leptons, with m 2 l arbitrary, while for hadronic contributions we observe small numerical differences. In the high energy limit the integrals can be evaluated in analytic form and the results have been compared with those for lepton loops that can be found in the literature. We find that overall size of the corrections, their sign and their angular dependence differ significantly between hadron, muon, τ -lepton and electron contributions. The size of the hadronic corrections varies from a fractional up to several permille. However, these are dominated by the reducible ones, with the irreducible box and vertex terms being typically below one permille. The modular structure of the results allows for a simple implementation into any Monte Carlo generator. For such an implementation, the corrections from virtual plus soft real photon radiation must be complemented by hard real radiation. This part is evidently straightforward, since it involves tree-level diagrams only, with the photon propagator dressed by hadronic vacuum polarization.
